We study the membrane scattering in the three-dimensional N = 6 supersymmetric ChernSimons theory recently constructed by Aharony, Bergman, Jafferis and Maldacena and conjectured to be dual to M-theory on AdS 4 × S 7 /Z k . We compute the one-loop effective action up to the v 4 terms in the derivative expansion and find exact agreement with the results from the supergravity computations. In particular, our results imply that the v 2 term is not renormalized and tree-level exact.
Introduction
Recently there have been much interests in the worldvolume theory of multi M2 branes which is dual to M-theory on AdS 4 × S 7 spacetime, initiated by the pioneering works of Bagger and Lambert [1] [2] and Gustavsson [3] (BLG) based on the, so called, 3-algebra. Especially, the three-dimensional N = 6 superconformal U(N) × U(N) Chern-Simons gauge theory with level (k, −k) constructed by Aharony, Bergman, Jafferis and Maldacena (ABJM) [4] is conjectured to be dual to M-theory on AdS 4 × S 7 /Z k . Some evidences supporting the conjecture include the fact that the classical moduli space is given by C 4 /Z k and the model has N = 6 superconformal symmetry. Since the model is described by a single parameter, the quantized level k, one may expect the conformal symmetry persists at the quantum level. Further works have been made on the superconformal index [5] , integrability structures [6] , Wilson loops [7] , non-perturbative monopole instanton [8] and relation to the BLG model [9] .
One nontrivial test for the ABJM model as the dual field theory of M theory on AdS 4 × S 7 /Z k is the study of the membrane scattering amplitude. In the dual gravity description, it would be given by the effective action of the probe M2 brane in the AdS 4 ×S 7 /Z k background due to the large number of source M2 branes. See [10] for the membrane scattering in the context of the BLG model.
For a slowly moving probe membrane, with constant velocity v I = dX I dX 0 , the effective action in the static gauge can be expressed as the derivative expansions in transverse coordinates:
where · · · denotes the superpartners of v 2n terms. The coefficients a n depend on the distance r between the source and probe branes. Because of dimensional reasons, their leading terms are expected to be of the form a n ∼ l p r 6n .
In the dual field theory description of M theory on AdS 4 × S 7 , the computation was done in [11] - [22] using the worldvolume theory of multi D2 branes, which is the three-dimensional N = 8 super Yang-Mills theory, and taking the strong coupling limit or decompactification limit of M-circle. It was found that the v 2 term and its superpartners are tree-level exact and the v 4 term is given by the sum of one-loop correction and the infinite sum of monopole instanton corrections. They match exactly with the results from the supergravity [21] . The exactness of these results is due to the N = 8 supersymmetry [23] [19] .
One may expect similar behavior in the ABJM model. The model has four complex bifundamental scalar fields Y A which has mass dimension 1 2 . The vacuum expectation values b A ≡ Y A span the vacuum moduli space, which corresponds to the transverse space of the membranes. Since the only dimensionful parameter at a generic point of moduli space is the vev, b, the superconformal invariance would demand the effective action to have the form
where c n is a dimensionless constant [24] . It has been known that the v 2 term is one-loop exact with N = 4 supersymmetry [25] , and tree-level exact with N = 8 supersymmetry [18] . This means that we can determine the v 2 term exactly by studying one-loop corrections and find out its (non)renormalization. It is also known that the v 4 term is one-loop exact, apart from the possible nonperturbative instanton corrections in the N = 8 supersymmetric field theories [23] . Therefore, by studying one-loop corrections, we can determine the v 4 term exactly, at least for level k = 1, 2 where the supersymmetry is believed to be enhanced to N = 8.
In this paper, we compute the one loop corrections to the effective action. We find there is no one-loop correction in the v 2 term and thus it is tree-level exact. We also obtain the v 4 term in an expected form at one-loop. This should be an exact result if we interpolate level k to 1 or 2. It would be very nice to see if it is true for general k by using supersymmetry arguments. In any case, these results exactly agree with those from supergravity computations, which supports the correspondence between the ABJM model and M theory on
In section 2, we summarize the relevant results from the supergravity. In section 3, we review briefly the ABJM model and then present the basic set-up for our computations including the background configurations and the gauge fixing. In section 4, we present our one-loop calculations. Since the computations are somewhat involved, we mainly focus on the results while the details are deferred to the appendices. In section 5, we give some concluding remarks. In appendix A, we present the gauge fixing for an alternative choice of background configuration. In appendix B, we give details on the one-loop calculations. In appendix C, we present the relevant integrations.
The results from supergravity
The eleven dimensional metric describing N M2 branes is given by
where h is the transverse eight dimensional harmonic function of r = (x
The near-horizon limit of (1) is given by the AdS 4 × S 7 geometry in which the harmonic function becomes
The geometry is maximally supersymmetric with 32 Killing spinors and has the isometry SO(2, 3)×SO(8). This is the limit where the worldvolume theory of N M2 branes is expected to become the three dimensional N = 8 superconformal field theory.
In addition, one can consider the Z k orbifolding to the transverse space,
The effect of Z k orbifolding corresponds to the replacement N → N ′ = kN in the harmonic function h(r) [4] . In the near horizon limit, the geometry admits 24 Killing spinors and has the isometry SO(2, 3) × SO(6) for k ≥ 3. The dual field theory is expected to be an N = 6 superconformal theory.
The Nambu-Goto action for a probe membrane is given by
where
is the membrane tension and h µν is the induced metric on the worldvolume. If one uses the static gauge for worldvolume diffeomorphism, the induced metric becomes
where X I (I = 1, · · · , 8) are transverse coordinates. We consider the configurations in which the probe membrane is parallel to the source membranes and is scattered with a constant velocity. Furthermore we restrict ourselves to the case that X I depends only on time.
After plugging the AdS 4 × S 7 /Z k metric into the probe action and expanding it in terms of the velocity, v I =Ẋ I , we obtain the effective action of the form
where V 2 , the interaction potential of v 4 order, is given by
To compare with the results from the ABJM model, we introduce complex coordinates in the transverse space as
where the orbifolding Z k acts as z A → e i 2π k z A . In these coordinates, the effective action becomes
with |z| 2 ≡ z A z 3 Three-dimensional N = 6 superconformal Chern-Simons theory
The ABJM model has OSp(6|4) superconformal symmetry for generic k. The classical vacuum moduli space is given by C 4 /Z k . These indicates that the model could be the worldvolume theory of N M2-branes, which is dual to M theory on AdS 4 × S 7 /Z k . It is curious to note that this conjectured duality implies that the model has enhanced supersymmetries to N = 8 for k = 1, 2. In section 3.1, we give some review on the model, establishing our notation. In section 3.2, we give the basic set-up of the problem, which corresponds to the membrane scattering in the dual gravity descriptions. In section 3.3, we describe the appropriate gauge fixing for the given configuration. In section 3.4, we present the tree level quadratic Lagrangian for gauge/scalar, fermion and ghost fields, respectively.
The ABJM Model
The model contains scalars, fermions and gauge fields. As being a conformal field theory, the U(N) × U(N) gauge fields A L , A R have Chern-Simons action with level k and −k, respectively. The matter fields consist of four complex scalar fields Y A and spinor fields Ψ A , which transform as 4 and4 under SU(4) R-symmetry of N = 6 supersymmetry. They have bifundamental representations under the gauge groups.
Our conventions for spinors and their contractions are as follows. The three dimensional worldvolume flat metric and totally antisymmetric ǫ-tensor are taken as η µν = diag (−, +, +) and ǫ 012 = 1. The three dimensional Dirac γ-matices satisfy γ µ γ ν = η µν + ǫ µνρ γ ρ . An explicit realization may be given by γ µ β α = (iσ 2 , σ 3 , −σ 1 ) . Indices of three dimensional spinors are raised or lowered by antisymmetric ǫ-matrices, ǫ 12 = ǫ 21 = 1. We always contract spinor indices from northwest to southeast:
Similarly, fermion bilinears with γ-matrices are defined as
The hermitian conjugate is defined as (ψ
3 ) are real and symmetric.
In order to do one loop computation, we choose the normalization of the scalar and fermion fields so that the classical action has an overall factor of the coupling constant, k 2π
. In these conventions, our starting ABJM action is given by
Set-up
The appropriate background configurations for a probe membrane scattered by N source membranes in the dual gravity description correspond to
For our purpose, it is enough to consider the case N = 1. Let us denote the vacuum expectation values and the quantum fluctuations of scalar fields asȲ and δY , respectively,
We make the simplest choice for the vev's as
For a different choice of vacua, in which instanton corrections may play some role [8] , see appendix A.
To compare with the dual gravity descriptions, we restrict ourselves to the case : 
For a generic background b A , the off-diagonal components acquire a mass of order |b| 2 and thus, in the low energy, they can be treated as quantum fluctuations and integrated out. These fluctuations are denoted as
We will integrate out these massive fluctuations and obtain the effective action of diagonal fields. The resultant effective action will have U (1) 2 × U(1) 2 × S 2 gauge symmetry, with the permutation symmetry S 2 over the diagonal elements. Those abelian gauge fields can also be integrated out to give the effective action of b A and their superpartners on the moduli
Gauge fixing
A convenient gauge fixing in gauge theories with matter fields in the broken phase is the, so-called, R ξ gauge as the resultant Lagrangian does not have a mixing term between the gauge and scalar fields. The gauge fixing in supersymmetric gauge theories could be even more subtle since the gauge fixing term has to preserve the supersymmetry. One way is to use the supersymmetric R ξ gauge in superfield formalism [27] . Since we are using component fields, we use the R ξ gauge which may be supplemented with supersymmetric completion.
1
Henceforth our gauge fixing functions are given by
where ξ L , ξ R are arbitrary parameters with mass dimension one in three dimensions. The gauge fixing Lagrangian is given by
One may note that in this gauge choice we do not need to introduce the Nielsen-Kallosh ghost.
This gauge fixing function is supersymmetric for the configuration (13) with
2 . This is the case since we have chosen the bosonic background, i.e. Ψ = 0. The most natural choice for the time dependent background would be to replace b A 0 by b A , wherever applicable. It seems also natural in view of superfield formalism, where b A might be promoted to a superfield. Henceforth we use the above gauge fixing function with
If we demand the supersymmetry completion among background fields, then, after turning on v, we should also include nonvanishing Ψ as a superpartner. In this case, in order to have manifest supersymmetry among background fields, the gauge fixng function is needed to have additional terms which are bilinears in fermions, like Ψ † Ψ. These will give rise to terms in the effective action, which depend on Ψ and thus give the supersymmetric completion. Since we are only interested in the purely bosonic terms in the effective action, we just use the above gauge function while neglecting those terms involving fermionic background fields. Those terms in the effective action could be obtained by the supersymmetric completion of the purely bosonic terms using the supersymmetry transformation rules for background fields.
1 One may use an N = 2 superfield formalism [28] and use supersymmetric R ξ gauge. 
Quadratic action for quantum fluctuations
After this choice of gauge fixing terms, one obtains the quadratic Lagrangian of the bosonic fields, (a µ y A ) and (â µỹ A ) as
andD
Ghost fields are introduced in the standard way as
The quadratic Lagrangian for ghost fields becomes
The quadratic Lagrangian of fermionic fields becomes
and α, β denote spinor indices.
In order to compute one-loop corrections, we need to rescale the gauge and ghost fields such that their kinetic terms are in standard forms. Henceforth, we perform the following time-dependent rescaling,
in which the gauge fields and ghost fields have the same mass dimension as the scalar fields. There are no extra contributions from the path integral measure due to this rescaling since we adopt dimensional regularization.
In addition to the rescaling, we perform the Wick rotation to the Euclidean space. Timeindependent part of the scalar vev's is denoted as m 0 ≡ |b 0 | 2 . Then the mass parameter m is given by m = m 0 + |v| 2 τ 2 .
One may regard the velocity v has small magnitude and treat it as a perturbation parameter.
The quadratic operators, relevant to the one-loop computation, become of the form
where Q 0 = Q 0 (m 0 ) and Q 1 = Q 1 (v). They consist of three parts, each from gauge/scalar fields, fermionic fields and ghost fields. We present those operators below, keeping terms only up to quartic order in v.
Gauge/scalar fields
One may note that the last two terms in C 
Ghost fields
Note that the last two terms in Q g 1 (τ ) come from the time-dependent rescaling of the ghost fields.
Fermion fields
We construct the "squared" operator, Q f , in terms of the original operators by
4 One-loop corrections
The one-loop effective action is given by
where ǫ is 0 for the bosonic fields and 1 for the fermion and ghost fields. This can be computed systematically using the Schwinger proper time method 3 as
where Tr denotes sum over all the indices including coordinates.
The one-loop effective potential in the Euclidean space can be read from the one-loop effective action as
and thus becomes
where tr denotes the trace over gauge group and Lorentz indicies. Standard Dyson perturbative expansion for small Q 1 leads to
where Q 1 (s) is defined by Q 1 (s) ≡ e sQ 0 Q 1 e −sQ 0 .
Regularization by dimensional reduction
The computations typically involve the integration over the momentum p as well as the Schwinger parameters s i . To deal with the divergencies, we adopt dimensional regularization in the momemtum integrals. It is well known that Chern-Simons gauge theories have subtleties in using dimensional regularization [30] [31] . They arise because the theories are sensitive to the dimension they live in, i.e. Chern-Simons term can be defined only in three dimensions. The same kind of subtleties arises in the general supersymmetric theories as well [32] because the number of bosonic/fermionic degrees of freedom are sensitive to the spacetime dimension.
In order to avoid this kind of problems, a modified prescription, which is called regularization by dimensional reduction, has been adopted to these theories. The essential point in this modified version is that the usual dimensional regularization rule, with dimensional continuation from three to n + 1 dimensions, is applied to the momentum integration with divergencies, while all the contractions in tensor and spinor indices are performed in three dimensions [31] [32] . For example, we have
in three dimensional Euclidean space. For the spinor indices, we use
Now we present the results of our computations. We compute only up to |v| 4 terms. At first, we consider the gauge/scalar fields contributions to the one-loop effective potential. In fact it is the most nontrivial part in computations. Here we present only the results. For details in calculation, see appendix B.
Gauge/scalar fields
As stated earlier, we have two parts of gauge/scalar fields, each from Q 
Ghost fields
There are four identical contributions from ghost fields, c L,R ,c L,R . We denote them as
All together they become
Fermionic fields
The computations in fermionic fields are also straightforward. The results are as follows.
The results: summary
By collecting all the results of one-loop effective potentials, one can easily see that there is a complete cancellation among contributions from the ghosts, fermions and gauge/scalar fields up to order |v| 2 . As a result the one-loop effective potential is given by
Our field theory results correspond to those of a single source brane in the supergravity computations. The generalization to N source branes is straightforward. We simply multiply N factor to V 1 . Now taking n = 2, the effective action, including the tree-level part, in field theory side is finally given by
Note that the |v| 4 term can be eliminated by a suitable shift of τ with a time reversal symmetry of the effective action.
The effective action up to v 4 terms obtained from D = 3 N = 8 super Yang-Mills theory is coincident with the probe action on AdS 4 × S 7 in the static gauge. In general, this doesn't have to be the case.
We find complete agreement between the results from our field theory computations and those from the dual supergravity, if we choose the following gauge for the worldvolume diffeomorphism in the supergravity:
In order to see this, note that the transverse coordinates z A are identified with b A and worldvolume coordinates in supergravity, (ξ 0 , ξ 1 , ξ 2 ), are identified with field theory coordinates, (t, x 1 , x 2 ). Since the velocities in supergravity and field theory are defined as
one can see that v
, and
This shows that supergravity results are in complete agreement with field theory ones.
Conclusion
In this paper we took a first step toward the understanding of the quantum correction in the ABJM model, which would give a nontrivial test for the AdS/CF T correspondence. We used the R ξ gauge, which preserves the supersymmetry if the vev is time-independent, to perform one-loop computations. We found complete agreement in membrane scattering dynamics between the results from the ABJM model and those from the dual supergravity on AdS 4 × S 7 /Z k in a specific gauge for worldvolume diffeomorphism.
As a result we find that there is no correction in the v 2 term. As stated earlier, N = 4 supersymmetry in three dimensions guarantees that the v 2 term is one-loop exact. Our result, supplemented with the supersymmetry, shows that there is non-renormalization in the v 2 term, i.e. tree-level exact. It would be very nice to show that it is indeed the case by using supersymmetry arguments for N = 6. One may note that this also reflects the conformal symmetry at the quantum level.
We also find that the v 4 term appears at one-loop, which agrees with the supergravity computations in the special choice of gauge for worldvolume diffeomorphism. There is a non-renormalization theorem, at least for N = 8 supersymmetry, which states that the v for k = 1 and 2. If we start with the background configuration shown in the appendix A, we need to include the instanton corrections to reproduce the results from supergravity.
It would be very interesting to reexamine the problem using the superfield formalism with the supersymmetric R ξ gauge. It would be also very interesting to see whether there is a, perturbative, non-renormalization theorem for the ABJM model with generic k. This might be determined by studying the supersymmetry completion. Another way to see this is to study two-loop corrections to the effective action.
In this appendix, we consider different background configurations and the corresponding gauge fixing. Consider the following vacuum expectation values with real d
A and b
The bosonic part in the quadratic Lagrangian is given by
The fermionic part is
For constant b and d, one gets
To get a covariant gauge fixing term which respects the supersymmetry, we introduce
and take the R ξ gauge for these gauge fields. The gauge fixing terms are given by
One can show that they are supersymmetric if ξ ± are given by
Note that d = 0 case reduces to the same gauge fixing Lagrangian given in the main text.
B. Some details in one-loop computations
Our normalization conventions for the plane wave basis in the computation of the one-loop effective action are x|p = 1 (2π) n+1 e ip·x , with the completeness relations
Here we present the calculational details of the bosonic part contributions. First of all, it is convenient to introduce
which give e aP = 1 − P + e a P , e aR = 1 − P + cos a P + sin a R .
They have nice properties such as
Let us define
where the quadratic operator A and B are given by 
where tr denotes sum over gauge, Lorentz and SU(4) R indices and we have used
In what follows, we integrate over Schwinger parameters s i first, and then calculate momentum integrals.
The first order part is also straightforward and is given by
where we have used
in the momentum integral.
The calculations of integrals are quite involved starting from the second order computations. We present all those integrals in appendix C. The second order in the perturbation consists of three parts, V
where each represents the contribution from the gauge-gauge, the scalar-scalar and the gaugescalar fields. Using those integral formulae given in appendix C, we find the contributions from the second order part as follows:
Similarly, the cubic order can be found to be 
Finally, the fourth order one-loop effective potential is given by
C. Useful Integrals
In this appendix we collect all the nontrivial integral formulae used. Note that, after the s i integrations, we are left with the momentum integrals of the form: 
